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Abstract: This work studies the problem of construction of the optimal quadrature

formula in the sense of Sard in the Hilbert space ng'o)(o,l] of periodic, complex-valued

functions for numerical calculation of Fourier integrals. Here a quadrature sum consists of a
linear combination of the given function values on a uniform mesh. The optimal quadrature
formula is obtained by minimizing the norm of the error functional with respect to

coefficients.
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1. Introduction and statement of the problem
In this work using the Sobolev method [3] for the approximate calculation of the Fourier

integrals

[p, @] = [[£*™ p(x)dx
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the optimal quadrature formula is constructed and the square of the norm of the error

functional for the constructed optimal quadrature formula is calculated.

Let W;l’o)(o,l] be a Hilbert space of periodic, complex-valued functions ¢(x),xe(0,1]
which is defined as

(1,0)

W2 (0,1] ={¢:(0,1] > Clpisabs.contand ¢’ € L, (0,1]}.

Furthermore, it should be noted that every element of the space W(zl'o)(o,l] satisfies the

following condition of 1-periodicity
o(x+ ) =p(x) for xeR,peZ.

The inner product for the functions ¢ and  in this space is defined as
(P a0 = [(#(0+0(0) (W) +w())dx, (1)

where 1; Is the complex conjugate to the function y .

2. Exponentially weighted optimal quadrature formula

We consider a quadrature formula of the following form
i N
[ p(x)dx = >C,p(hk),  (2)
k=1

where weZ, goeW(zl’O),Ck are the coefficients of the quadrature formula and

NeN,h=i.
N

The error of the quadrature formula is given as follows

)= [ (0= 30,0000, (@)
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and

(x) = e?”'wx—zc S 5(x—hk— ) (4)

f=—
is the periodic error functional of the quadrature formula (2), here ¢ is the Dirac delta-

function.

The error (3) of the quadrature formula (2) is a linear functional in ng'o)*. The absolute

value of the error (3) is estimated by the Cauchy-Schwarz inequality as follows

o)< forws?),
where
Hf Wiz sp 1Ol
o|wiOlo 2]

Is the norm of the error functional (4).

The problem of constructing an optimal quadrature formula for the approximate calculation

of the integral is as follows.

)*

Problem 2.1. Find the coefficients C, that give the minimum value to the norm HE |W(

and calculate the following quantity

1,0 (1.0

|n

We note that the coefficients C, which are the solution for Problem 1 are called the optimal

coefficients and the quadrature formula (2) with these coefficients is said to be the optimal

quadrature formula in the sense of Sard [2].
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3. Main Results

To calculate the norm (5), we use the extremal function y, for the error functional ¢ (see

[3]) that satisfies the following equality:

(0)
l//e|W2

= o

Since Wél'o) Is the Hilbert space by the Riesz representation theorem in a Hilbert space for

the error functional ¢ and for any ¢ from W(zl'o) there exists an element y, eng'o) that

satisfies the equality

Up)=(waoheo, (D)

where ((/),%)W(l,m is the inner product of the functions v, and ¢ defined by equality (1).
2

In addition, the equality HE |W§1’O)*H = ‘

v, |W§1'O)H is fulfilled. So, taking into account equality
(6), we derive

w02

o) = rws

Integrating by parts the right-hand side of (7), keeping in mind periodicity of functions, for

v, wWe have

w,"(X) =y, (X) = —L(x). (8)
Further, we give the main results of this work.

Theorem 3.1 The solution of equation (8) is the extremal function y, of the error

functional ¢ and it has the following expression

283




7. Vol.2 Ne4 (2024). April
‘:Tr Journal of Effective innovativepublication.uz D
INNOVATIVE PUBLICATION Learnlng and Sustainable Innovation EO;:{

Ofieil]

284

-2 wiwX N __ o e—27ri,8(x—hk)

V(0= : Z 2
72'

o AP+
where Cy is the complex conjugate to the function C,.

Theorem 3.2 |If gpeW(zl'o), then the following formulas are valid for the optimal
coefficients of the quadrature formula (2) with the error functional (4)

° 2 e”" +1-2¢" cos(2zwh)

2 iwhk
= mew fork =1,2,...,N.
T At +1 e -1

Theorem 3.3 In the space ng'o) for the norm of the error functional (4) of the optimal

quadrature formula, the following holds

wo||?

1 _ 2 e "+1-2¢" cos(27m)h)
47z2a)2+1 (47[20)2 +1) h( 2h—l)

9)

Remark 3.1 It should be noted that from (9) we obtain

2 2
=Ly [A7@ 23 ey oo,
360

oll?

I.e., the order of convergence of the optimal quadrature formula of the form (2) is O(h).
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