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Abstract: In this paper, we study the translation-invariant Gibbs measures of a
coupled Ising-Ising model defined on a Cayley tree of order k > 2. The model is derived as
a special case of the coupled Ising-Potts model when the number of Potts states g = 2. We
consider a Hamiltonian with spin configurations represented by (s,0) € {—1,1} x {1,2} and
obtain a system of nonlinear equations characterizing the corresponding Gibbs measures.
For the particular case k = 2, the system is analyzed in detail. We prove that if the
interaction parameter satisfies the condition 6 + 6> 2 + 2, then the system admits at least
three distinct translation-invariant Gibbs measures. This result highlights the occurrence of
a phase transition in the model and contributes to the understanding of multi-component

spin systems on hierarchical structures.

Keywords: Gibbs measures, coupled Ising-lsing model, Cayley tree, translation-

invariance, Hamiltonian, phase transition, statistical mechanics.

Here we give a result related to Gibbs measures of a Hamiltonian defined on a
Cayley tree I'* = (V,L) (see [1] for main definitions). Namely, following [2] we consider a
coupled Ising-Potts model on Cayley trees of order k > 2. This has spin vectors (s,0),
wheresel={-1,1}andoc € ® ={1,...,q}, 9> 2.

A coupled configuration (s,0) on V is then defined as a function x € V 7— (s(x),0(x))

€ Ix®d. The following Hamiltonian is called the coupled Ising-Potts model:
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H(S,O‘) =-J z S(X)S(y)5g(x)g(y) (1)

<X,y>elL

where J € R is a constant, <x,y> is nearest neighbor vertices and Jj is the
Kroneker’s symbol.

In [2] it is proven that to each Gibbs measure of Hamiltonian corresponds a vector-
valued function /= = (heiz)icrxe defined on vertices of the Cayley tree that satisfies for

any x € V the following equations:

g—1
(L =070 %159 — 2-1,i9) + 2. (2-15y + 215y) + 2199 + 1
=1

— J
Zejax = H g1
ves(x) O+ 012100+ > (2-15y + 2154)
i=1 : 2
g—1
(1=0_1)(0z14y — 1) + > (2-14y + 21,5y) + 21,99 + 1
j=1
“lgx = H q—1
yeS(z) 0+ 9—17,1,(,:1, + z (Zflrj:y + zl,j,y)
=1 ] (3)

wheree € I, zeix = explhcic —horge}, i =1,.,¢ = 1,0 = exp (JA), and S(x) is the set of

direct successors of x.

We consider Gibbs measures which are translatsion-invariant, i.e correspond to
solutions of the form:

zeix = Zeq, fOr all X € V.

Here we consider the case q = 2, k = 2. Note that in case q = 2 the Potts model
coincides with the Ising model. This is why we call our model as an Ising-Ising model.

Then by (2), (3) denoting U1 =2z.1,1 V1 = 73,1, Vo = Z3,» We get:

u ((19_1)(9U1 ’U1)+U1+’U1+’U2+1)2
il = )

0+ 0~ vy + uy + vy (5)
Y _((1—91)(9U1—U])+U1+U1+U2+1)2
! 0+ 0= vy +up + vy , (6)
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" ((191)(9’0‘21)+’U,1+’U]+’U2+1)2
2 = .

0+ 0= vy + uy + 1y @)
Through making equation simpler we get:
(9_11)1 + Ouy + vo + 1)2
uy = ;
L 04 0=1vg +uy + vy (8)
(9_1u1 + vy + vo + 1)2
m =
! 04 01vg +up + vy , 9
. (9—1 + 0va + ug +v1)2
T\ Tt u ) (10)

Let u;=u, vy =V, and v, = 1. We have following system of equations:

U= Ou+0—Lv42 2
— 0+ 1 tutv

= O lu+0v+2 2
T\ 0+ utw ,

In the case when u = v, we have to solve the following equation from the system.

(9_111- + Ou + 2)2
P e e

0+6-1+2u (11)

Let’s denote 6 +0 " as a and take the square root of both sides of the equation. As a
result, we will obtain the following equation:

au + 2

V= a+ 2u (12)

Let  u =x and we have following equation

23 +ax—ax*-2=0

13)
203-1)+a(x—x3) =0
(x* 1)+ a(x — x) 14)
(x —1)(2x*+2x +1—ax) =0
1096
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As a result we get three o, - 1, o, = o=2=Ve’-da—1 gspolutions

_ a-24Va® dad and
- 4

T3

Considering that u = x* analyzing the expression under the square root is enough. a

>2+2,i.e 0+ 0> 2+ 2, system has three solutions: (1,1,1)

((afzwjﬂzm)?’ (afzwifffm)? 1)

As mentioned above to each solution of the system (2), (3) corresponds a Gibbs

measure.

Therefore we have the following result:

Theorem 1. For the coupled Ising-Ising model, if 6 + 6 > 2++2 then there are at

least three translation-invariant Gibbs measures.
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